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ABSTRACT. In this paper we show that there is a 1-1 correspondence bet-
ween Mal’cev algebra built on C-algebra and C-algebra built on Mal'cer
algebra under certain conditions.

Introduction

In this paper, we build Mal’cev algebra on some other algebras, like C-algebra, Boo-
lean algebra, Hyting algebra, and study some properties of this new form, and vice
versa we build C-algebra on Mal’cev algebra and we find that there exists a 1-1 cor-
respondence between Mal’cev algebra and C-algebra under certain conditions.
I. Mal’cev Algebra Built on C-Algebra
Definition 1
Mal’cev algebra is a set together with a ternary operationt!],
0:AXAXA—>A
which satisfies the following.
 6a,a,b)=b 6a b b)=a
and 0 satisfies some properties as :
(1) @is associative if
0(6(a, b, c),d, e) = 6(a, b, 8(c, d, e))
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(2) 0is left distributive if
6(a, b, 6(c, d, ) = 6(6(a, b, c), 8(a, b, d), 8(a, b, €))
(3) 6isright distributiveif 6(8(a, b, ¢),d, e) = 6(6(a, d, €), 6(b, d, €), 6(c, d, ¢))
(4) 6is commutative if
6(a, b,c) = 6(c, b, a)
(5) @is abelian if
0(6(a, b, ¢), O(x, y, z), 0(u, v, w)) = 6(6(a, x, u), 6(b, y, v), 8(c, z, w))
(6) 9is middle distributive if o
0(a, 8(b, c, d), e) = 6(6(a, d, ¢), 6(a, ¢, €), 8(a, b, e))
Definition 2 ' '

Comparison algebra (or C-algebra) is a set Q witha quaternar'y. operation ¢ which
satisfies the following®*!

(c-1) c(a,a,x,y)= x

(c-2) c(a, b, x, xA) =x

(c-3) c(a, b, x,y)=c(b,a x,y)

(c-4) c(a, b,a, b)=1b

(c-5) c(a, b, c(x;), c(¥;)) = c(c(a, b, x;, y)))
where
e(x;) = o(x;, %, %5,%,) and c(y,) = c(¥1,¥25 Y35 )
Theorem 1 ‘

LetQbea C-algebra. If0: 0 x QO X Q— Qsuchthat8(x, y,z) =c(x, y, z, x). The
Q is'a Mal’cev algebra

Proof »
(1) 6(x, x, 2) =c(x, x, z, x) = z
@) 6(x,yy)=c(xy, yx)=c(y %y, x)=x
Lemma 1
Let M be a Mal’cev algebra obtained from a C-algebra. Then 6(x, y, x) = x,
Proof *
0(x, y, x)=c(x,y, x,x)=x
I1. Properties of Mal’cev Algebra Obtained from C-algebra

We show this in the following results :
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2.1 Nonassociative
Pi'oof
We need to show that _
0(0(x, y, z),v, w) # 0(x, y, 0(z, v, w))
L.HS. = ¢(c(x,y, z,.x), v, w,c(x,y,2x)).
R.HS. = ¢(x, y, c¢(z v, w, 2),x). If wetake y = w, z = v = x, then
LHS. = ¢(x,x, w,x)=w
R.HS. = c(x, w, w, x) = x.
Whenever w # x the result follows.

2.2 Left distributive

Proof )
We need to show that _ . .
0(a, b, 8(c, d, e)) =.0(0(a, {), c),0(a, b, d), 6(a, b, e))
LHS. = c¢(a, b, c(c,d, e c),a)
- R.H.S. = ¢(c(a, b, c,a),c(a, b, d, a);-c(a, b,e,a),c(a, b, c,a))

c(a, b, c(c, d, e c),a).
2.3 Itis not right distributive

Proof .
We need to prove that
0(8(a, b, ¢), d, €) # 6(6(a, d, ¢), 6(b, d, e), 8(c, d, €))

L.H.S. = c(c(a, b, ¢, a), d e, c(a, b, ¢, a))

RHS. = c(c(a,d, e a),c(b,d, e b),c(c,d, e ) cad e a))
2.4 Not comtﬁutative | :
Proof _

We need to prove that

6(a, b, c) # 6(c, b, a)
L.HS. = c¢(a, b, c, a)
R.H.S. = ¢(c, b, a, )

. ) .
As a special case, whena # b # ¢, a=c. LH.S. =aand R.H.S. = a. So, itis not
abelian because it is not associative.

Definition 3
@ is said to be weak associative if

0(0(a, b, ¢c),b,d) = 0(a, b, 6(a, b, d))
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2.5 The Mal’cev algebra obtained from C-algebra is weak associative

Praof

6(6(a, b, c), b, d) c(c(a, b, c,a),b,d, c(a, b, c,a))
0(a, b, 6(c, b, d)) c(a, b, c(c,b,d,c),a)

We have the following cases to consider :

Case(l). a=b=c

0(6(a, b, c),b,d)=c(c(a, a,a,a),a,d, c(a, a,a a))=c(a,a,d a)=d
and
6(a, b, 6(c, b, d)) = c(a, a, c(a, a,d, a), a) = c(a, a, d, a) = d
Case (2). a=b,; b, # ¢
6(6(a, b,.c), b, d)
o(a, b, 6(c, b, d))
Definition 4

c(c(b, b, c,b),a,d,c(b,b,c,b))=c(c, b,d,c)
(b, b, c(c, b,d, c),b) =c(c, b, d, c)

6 is called weak right distributive if
8(6(a, b, c,), b, €) = 6(6(a, b, e), e, 6(c, b, €))
2.6 The Mal’cev algebra obtained from C-algebra is not weak right distributive
Proof _
We need to show that -
0(6(a, b, c), b, e)# 6(0(a, b, €), e, 6(c,b, ¢))
L.H.S. = ¢(c(a, b, c, a), b, e, c(a, b, c, a))

R.HS. = ¢(c(a, b, e, a), e, c(c, b, e,c),c(a, b,e, a)).Letc#a*b#*e,a=c¢e
L.H.S. = c(a,b,e,a)=a ‘
RHS. = c¢(a,e,¢c,a)=c

HI. C-algebra Built on Mal’cev Algebra
We will now build a C-algebra on a Mal’cev algebra by defining
' c(a,’b, x,y) = 6(y, 6(a, b, y), 6(a, b, x)).

Ona giveﬁ set, we define 6, as follows :

=b
0,(a, b, x) = {Z’ Z#b

Theorem 2

Whena = band x;, =y, thereisa correspondence between C-algebra and
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Mal’cev algebra.

Proof

(i) ata=>b
1. e(a,a,x,y)=x

1. 6(y, 6(a, a,y),0(a,a,x)=6(y,y,x)=x
2. c(a,a,x,x)=x

2", 0(x, 6(a, a,x), 6(a,a,x))=x

&

3. c(a,a,a,a)=a

3'. 6(a, 6(a, a,a),6(a,a,a)=a

4. c(a,a,x,y)=c(a, a x,y),i.c.,equalx
4. 0(y, 6(a,a,y),0a ax)=0yy x)=x
5. c(a, a, c(x;), c(y;)) = c(c(a, a, x;, ;)

5'. L.H.S.

R.H.S.

= 8lc(y;), 0(a, a, c(3,)), 8(a, a, c(x,))] = 6[c(¥,), <(¥;), c(x,)]
=co(x)=c(x;,x, x5, x)=0[x,,0(x,,%,,%,), 0(x, , x, , x3)]
= c[0(y;, 8(a, a, y,), 8(a, a, x))] = c[6(y;, y;» x))] = c(x;)

= o(x, x,, x;3,%,)=0[x,,0(x;,x,,x,), 6(x, , x,, x;)]

(ii) atx;, =y, we need to prove that

5. LHS.

R.H.S.

c(a, b, c(x;), c(x;)) = c(c(a, b, x;, x;))
= B[C(xi)’ 9(0, b’ C(xi)), 0({1, b’ c(x,))] = C(xi) = C(xl > x2 ,x3' ’x4)
= 0(x,,0(x,,x,,%,), &x, ,x,,Xx3)) '
= o 0(x;, 8(a, b, x;), 6(a, b, x))], = c(x;) = c(x;, %, , X3, X;)

= O[x,, 0(x,,x,,x,), 0(x;,x,,x;)].

Thus, we prove that there is a 1-1 correspondence between C-algebra and Mal’cev
algebra at (i) @ = b and (ii) x, = y,.

Lemma 2

If a = b, then any C-algebra built on a Mal’cev algebra satisfies the following prop-

erties:

(i) c(a,b,b,a)=a
(ii) c(a, b, x, y) = c(a, b, x, c(a, b, x, y))
(iii) c(a, b, x, y) = c(a, b, c(a, b, x, y),y)

Proof

(i) c(a, b, b,a)=206(a, 6(a,b,a),6(a b, b))=06(aaa)=a )
i) LH.S. = 6(y, 6(a, b,y),0(a, b,x)). Ata=b,LHS.=60(y,y,x)=x



88 H. El-Zohny and F. Moussa

R.H.S. = 6[6]y, 6(a,b,y),6(a, b, x)],6[(a, b, 6(y, 6(a, b, y), 0(a, b, x))],
6(a, b, x)]. Ata=0b,
R.E % = 06(y, y,x), 0[a, a, 6(y,y, x)], a, a, x)] = 0[x, x, x] = X.
(iii) L.H.S. = 6(y, 6(a, b, y), 6(a, b, x)).
R.H.S. = 0]y, 6(a, b, y), 6(a, b, 6(y, 6(a, b, y), 6(a, b, x))}.
Ata=b,
R.H.S.

6y, y, 80, 0(a, a, ), 8(a, a, x))] = 6y, , 6(, y,x)] =
6y, y, x] = x
LHS. = 6y, y,x)=x
Lemma 3 ‘
The following statements are equivalent:
(i) 6(s, 6(a, b, 5), 6(a, b, x)) = 6(s, 6(a, b, 5), 6(a, b, y))
(i) (¢, 6(a, b, 1),6(a, b,x))=6(t, 6(a, b,t),6(ab,y))

- (iii) y = 6(y, 6(a, b, y), 6(a, b, x)) !
Proof

(i) — (it): Assume thata = b, then 6(s, 8(a, a, 5), 8(a, a, x)) = 6(s, 0(a, a, s), 0(a,
a, y)). Therefore, 6(s, s, x) = 6(s, s, y) i.e. x = y. Therefore, by substituting in (ii)
L.H.S. = 6(¢, 8(a, a, t), 0(a, a, x)) = 6(¢, ¢, x)—x
R.H.S. = 6(¢, t, y) = y. By using condition (1), then L.H.S. = R.H. S
(ii) — (iii): Assume then:a = b :
R.HS. = 6(y, 8(a, a,y),0(a,a,x))=06(y,y,x)=x
LHS. =y
By using (i), then x = y. (iii) = (i) similarly
Lemma 4
Any C-algebra built on Mal’cev algebra satisfies the following :
(i) There exists s € A such that
0(x, 6(a, b, x), 6(a, b, s)) = 6(y, 6(a, b, y), 6(a, b, s))
(ii) 6(x, 6(a, b, x), 6(a, b, 1)) = 6(y, 6(a, b, y), 8(a, b, t))
(iii) x = 6(y, 6(a, b, y), 6(a, b, x))
Proof
Ata=b
(i) 6(x, x, s) 0y, y,8)=s
C (i) 8(x, x, t)=06(y, y;t) =t
(iii) 8(y, y, x) =x
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Definition 5 . }
Given g, b € A define the relations  (a, b) and ® (a4, b) as follow:

xyyiffy =6(y, 6(a, b, y), 0(a, b, x))andx ® yiffx = 6(y, 6(a, b, y), 6(a, b, x))
By using Lemma 3 we find that x ¢ y iff x = y. So ¥ is an equivalence relation.

Lemma 5

Leta, bbe given, theny = ¢ (a, b) and ® = ® (4, b ) and 8 congruence relations.

Proof
Ifx, ¢y, fori =1,2,3 then x; = y;. Therefore, 8(x;) = 6(y;) . So 6(x;) ¥ 6(y,)
Notation ' '

A congruence relation ¢ is trivial if it is the discrete congruence (i.e. xty only when
x = y)indiscrete congruence (i.e., xty V x, y). :

Definition 6
(A, 0) is called a simple 6-algebra if A has no trivial 8 congruences.

Definition 7
. _Jx ifa=b>
6,0y, 00(a, b, ¥), 8(a, b, x)) { v et
Theorem 3 '
Ifa # b. Then (A, 0) is a simple 6-algebra iff 6 = .
Proof .

If 6 = 6, and if ¢ is a congruence relation then V ?x, y) we have
6(y, 6(a, b, y), 6(a, b, x)) t8,(y, 8,(a, b, y), 0,(a, b, x)) t0,(y, 6,(a, a, y), 8)(a, a, x))

0(> 6(a b, ¥), 6(a, b, X)) 16,(, 8(a, 4, ), (. a, x))

From definition of ,, so xty. Conversely, if ( A, 8)issimple and 6(y, 6(a, b, y),
0(a, b,x))# 6y, 0(a b,y),08(a, b, x)). Thenlet y = Y (a, b). Thusay b and
¥ must be the indiscrete congruence. Therefore, x yysoy = 6( y, 6(a, b,y),0(a,b,

x))andata#b,y=06,y, 6a,b,y),0,a,b, x))i.e., thereis contradiction. Then,
0 =40, '

IV. Mal’cev Algebra Structure on Boolen Algebra’

Using a Bdolean algebra (A, /\, V, ~), we define a Mal’cev alg’ebra structure as
followsl>”: : '

ox, y,2) = (x M ~y)N(zV ~y)N\(xV 2)
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4.1 Itis no associative
Proof
We need to prove that
0(a, b, 0(c, d, e)) # 6(6(a, b, c),d, e)
LetObe false‘and 1 be true. Whena =1,

LHS. = 61, b 8(c, d e) =[~bVo(cde) = ~bV[(cV~d)A(e
V~d)A(eVe)] ,

R.HS. = 6[6(1,b,c),d,e]=[6(1,b, c)V~d]/\(e\/ d)A[6(1, b, c)Ve]
= [(~bV )V ~d]A(eV~d)A[(~bV ) Ve]
=[~bV(cV~d)NN(eV~d)N[~bV (cVe)].

Whena =0,

LHS. = 60, b, 06(c, d, €)) = ~bN\68(c, d,e)=b/\[(cV~d)/\(eV~d)
N(cVe)] 4
R.H.S. = 6(6(0,b,c),d, e)=[6(0,b,c)V ~d]\[eV ~d]IN[(8(0,b,c)Ve]
= [(~ bAc)V ~d]N\[eV ~d]N[(~bANc)Ve]
= [~bA(cV~d)]N\[eV ~ d]/\[ bA\(cV e)]
4.2 It is weak associative
Proof
Fix e in the algebra.-Then
6%, e y) = [(xAY)V~elA(xVy).
Therefore, 8(68(x, e, y), e, z) = 0(x, e 6(y, e, z)).
4.3 It is left distributive
Proof ‘
When a = 1, we want to prove that
‘ 6(1,b, 6(x, y, z)) = 8(6(1, b, x), 6(1, b, y), 6(1, b, 2))
We note that é(l, b,c)=~bVc. So
L.H.S. ~bV[(xV~NEV~y)N(xV2)].
R.H.S. 8[(~be),(~be),(~sz)] v
= [(~=bVx)V~ (~bV)')]/\[(~bVZ)V.~("b\/Y)]/\[(~bVX)
V (~bV2)]
= [(~bVx)V(bNA~IN(~ b\/z)V(b/\ MIN[(~ b\/x)
V(~bVz)]
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= [(~ V) VE AU~V D)V ~ I A[(~bV2)
ABYN(~bV )V ~ ) A[~bV(xV 2)]
[IAQ~BVRV ~IATA(= bV )V~ ] A[~bV(xV 2)]
(~bVX)V~yIA[(~bVZ)V~yIA[~bV(xV z)]
~bV[(xV~y)N(zV ~y)\(xV z2)]
Whena =0, 6(0, b, c) = (~ b\ c). We want to proof that
6(0, b, 0(x, y, z)) = 6[6(0, b, x), 6(0, b, y), 6(0, b, 2)] :
0(0,b,6(x,y,2z))=6(x,y,z)\~b
[(xV~y)NEZV~y)N(xV2Z)]A~b.
RHS. = 0(xA~b,yA~b, zA~b) '

= [(x/\~b)V(~y\/b)]/\[(z/\~b)V(~y\/b)]/\[(x/\~b)

V (z/\ ~ b)]

L.H.S.

N b V(~y b))]/\l(z\/( y Vv b))
/\( bV(~yVb)NIN[(xV )N~ b]
= [(xV(~yVbIYNIA[(zV(~ y\/b))/\l]/\[(x\/z)/\~b]
= [xV(~yVOIN[zV(~yVB)IA[(xV )\ ~b]
= [[(xV~)N @V ~IVIIN[(xV )\ ~b]
Sinceb A\ (xVz)A~b=0,so0
RHS. = [(xV~y)A(zV ~p)A(xV2)] A~b
4.4 1t is right distributive
Proof )
We have 6(x, y, 1) =xV ~y.
We want to prove that 8(0(x, y, z), d, e) = 6(6(x, d, ), 6(y, d, e)', 6(z, d, e))
Lete =1, then
L.H.S. =0(0(xyz)d1)=0(xyz)V d
[(xV ~y)N(zV ~ y)/\(sz)]\/~d.
0[6(x,d, 1),6(y,d,1),06(zd, 1)]
ol(xV ~d), (yV ~d), (zV ~ d)]
[(xV~d)V(~yADIA[(z2V ~d)V (~yADIA[(xVz)V ~d

[(xV d)YV~yIAN[(xV ~ d)\/d]/\[(zV d)
~yIN[(zV ~d)VAIN[(xV z)V ~d]
[(xV YIV~dIN[(zV~y)V ~ d)N[(xVz)V ~d]

R.H.S.
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=[xV ~NA @V ~y)NExV 2]V ~d
Thenz=0.So &(x,y,0)=x/\~y.
L.H.S. = 0[6(x, y, z)d, 0]

= 0(x, y, )N ~d=[(xV~N(EV~y)AxV2)]A~d
0[0(x, d, 0), 6(y, d, 0), 6(z, d, 0)]
= O[xN\N~d, yN~d, z/\~d]
[(xA~d)V ~(GA~DINEA~ DIV~ NA~d)]
N[z~ d)\/(x/\ d)]
= [xN~d)V(~ YV AIAA~ D]V (~ de)]/\[(z/\ d)
V(xNA\~d)] , -
= [(xV ~y)VAIN[~dV(~ YV DIA[(zV ~ Y)Vd)
N(~dV ~y)NVdIN[(zVx)N\~d]
= [(xV ~y)VAIALzV ~p) VDAV x) A~ d].
= [[(xV~ AV ~IVAN[(zV )N\ ~d].

R.H.S.

Using distributive law:
R.H.S. [(xV~y)/\(z\/~y)/\(sz)/\~d]/\[d/\(sz)/\~d]
[(xV~NAEV~PIAN(zVx)N\~d].
4.5 It is middle distributive '
Proof
Toprove 8(a, 6(b, c, d),e)=60(0(a,d, e),0(a,c e),0(a, b, e)),wherée= 1,_0.
(i) Lete = 1. Then . '
" L.HS. = 6a, 8(b, c, d), 1) =aV ~ 6(b, c,d) =aV/ ~[(bV ~c) A\ (dV ~¢)
N (bV d)]

= aV[(~bNc)V(~dAc)V(~bNA~d).
RHS = 6(aV~d,aV~caV~Db)

= [(aV~d)V (~aNc)N\[(aV ~ b)V(~a/\c)]/\[(aV b)_
Vi(aV ~d)]
[(aV~ d)\/~a]/\[a\/ AV clN[(aV ~ b)V~a]
A[(aV ~b)VclA[(aV (~bV ~d)] '
[(aV~d)\/_c]/\[(aV~b)\/c]/\[aV(~.bV~d)]
[a\/(~ch)]/\[aV(~ch)]/\[a\/(~bV~d)],
aV[(~d\/c)/\(~ch)/\(~bV~d)],

I
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since

aV [(~bAc)V(~dAc)V (~bA~d)]=aV[(~bVc)A(~dVc)A(~
bV ~d). : :

(ii) Lete = 0. Then

R.H.S. = 68(a, 8(b, c,d),0) =a/\~ 6(b, c,‘d)
= aA[(~bNAc)V(~dNc)V (~bA~d)]
L.H.S. = 6(6(a, d, 0), 6(q, c, 0), 8(a, b, 0))

0l(a\N~d),(a\N~c),(a\N~D)].
By similar calculations as in the case e = 1 we find
LHS. = aA[(~bVc)N(~dVc)V(~bV ~a)).

V. Mal’cev Algebras Based on Heyting Algebras

We define a Mal’cev algebra structure on a Heyting!® % algebra as‘follows:
0(x, y, z) = (x> y) = 2) N ((z—> y) > x).

Example 1 ,
The Heyting algebra of three elements [0, q, 1],

a—-0 = aq,

a largest element x such that x A\ 0 = 0;
5.1. It is commutative since 6(a, b,c) =0 (c, b, a)
5.2. Itis not associative
Proof '

We need to prove that

6(6(a, b, c),d, e) # 6(a, b, 6(c, d, €))
"Leta=c=d=0, b=e. Then

L.H.S. = 6(6((0,¢,0),0,a) = 6(0,0,¢) = e.

R.H.S. = 6(0,e, 6(0,0,e)) = 6(0,e,e) =0.
5.3. It is not left distributive
Proof

We need to prove that '

0(a, b, 6(c, d, e)) # 6(0(a, b, ¢), &a, b, d), 6(a, b, e))
Letc=e=a,b=1,d=0. Then
L.HS. = 6(a, 1,0(a,0,a)) = 6(a, 1,1) = a.
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R.H.S. = 6(6(a, 1,a), 6(a, 1,0), 8(a, 1,a)) = 6(a, 0,a) = 1.
5.4. It is not right distributive
Proof
We need to prove that
6(6(a, b, ¢),d, e) # 6(6(a, d, ), 8(b, d, €), 6(c, d, €)).
Leta=e=c¢, b=0,d=1.Then |

L.HS. = 6(6(a,0,a),1,a)=06(1,1,a) =a
R.H.S. = 6(6(a, 1,a),6(0,1,a), 6(a, 1,a)) = 6(a, 0,a) = 1.
Remark

We note that any Mal’cev algebra built on a'Hey-ting algebra isvvcom'r.nutative, i.e.
' 6(x, y,z)=6(z, y, x).
Proof
8(x, y, z) = (x> y)=> )N\ (z—>y) > x).
6(z v, x) = (z—>y) > ) A(x— )= 2).

Which are equal since /\ is commutative.

Example 2
- Consider the Boolean algebra for the interval [0, 1]:
(x Ay) = min(x,y),
(xVy) = max(xy),
~x =0 if x #0,
~x=1 ifx=0.
So Heyting algebra on the interval [0, 1] is given by:

_.—1 ifx =20
Y {-y ify =-=x

Example 3
Consider the Hytlng algebra on [0, 1] that is given by :
x—>1=1,0-x=1,x>x=1landifx<ythenx—y= 1
So it is not Boolean.
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