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ABSTRACT. In this paper we show that there is a 1-1 correspondence bet.
ween Mal'cey algebra built on C-algebra and C-algebra built on Mal'ce\
algebra under certain conditions.

Introduction

In this paper, we build Mal'cevalgebra on some other algebras, like C-algebra, Boo-
lean algebra, Hyting algebra, and study some properties of this new form, and vice
versa we build C-algebra on Mal'cev algebra and we find that there exists a 1-1 cor-
respondence between Mal'cev algebra and C-algebra under certain conditions.

I. Mal'cev Algebra Built on C-Algebra

Detinition 1

Mal'cev algebra is a set together with a ternary operation!I],

O:A xA xA-A

which satisfies the foliowing.

e( a, a, b) = b 8(a, b, b) = a

and 9 satisfies some properties as :

(1) 9 is associative if

9(.9(a, b, c), d, e) = 9(a, b, 9(c, d, e»
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(2) fJ is left distributive if

fJ(a, b, fJ(c, d, e» = fJ(fJ(a, b, c), fJ(a, b, d), fJ(a, b, e»

(3) 8is right distributive if fJ(fJ(a, b, c),d, e) = fJ(fJ(a, d, e), fJ(b, 4, e), fJ(c, d, e»

(4) fJ is commutative if

O(a, b, c) = O(c, b, a)

(5) 6 is abelian if

6(6(a, b, c), 6(x, y, z), 6(u, v, w» = 6(6(a, x, u), 6(b, y, v), 6(c, z, w»

(6) 6 is middle distributive if

6(a, 6(b, c, d), e) = 6(6(a, d, e), 6(a, c, e), 6(a, b, e»)

Definition 2

Comparison algebra (or C-algebra) is a set Q with a quaternary operation c which
satisfies the following[2-41.

(c-l) c(a, a, x, y) = x

(c-2) c(a,b,x,x)=x
(c-3) c(a, b, x, y) = c(b, a, x, y)

(c-4) c(a,b,a,b)=b
(c-5) c(a, b, C(Xi)' C(Yi» = c(c(a, b, Xi' y)

where

C(Xj) = C(XI,XZ,X3,X4)andc(Yj)=C(YI'YZ'Y3'Y4)

Theorem 1
Let Q be a C-algebra. If8: Q x Q x Q- Qsuchthat8(x, y, z) = c(x, y, z, x). The

Q is'a Mal'cev algebra

Proof

(1) 8(x, x, z) =c(x, x, z,x) =z

(2) 8(x,y,y)=c(x,y,y,x)=c(y,x,y,x)=x

Lemma 1
Let M be a Mal'cev algebra obtained from a C-algebra. Then 6(x, y, x) = x,

Proof .

6(x, y, x) = c(x, y, x,x) = x

II. Properties of MaI'cev Algebra Obtained from C-algebra

We show this in the following results:



Marcey and Some Algebras 85

2.1 Nonassociative

Proof

We need to show that

8(8(x, y, z), v, w) ;;of 8(x, y, 8(z, v, w»

L.H.S. == c( c( x, y, z, x), v, w, c(x, y, z, x» "

R.H.S. = c(x, y, c(z, v, w, z),x). Ifwetakey = w, z = v = x, then

L.H.S. = c(x, x, w, x) = w

R.H.S. = c(x, w, w, x) = x.

Whenever W ;;of x the result follows.

2.2 Left distributive

Proof

We need to show that

8(a, b, 8(c, d, e» =.8(8(a,~, c), 8(a, b, d), 8(a, b, e»
L.H.S. = c(a, b, c(c, d, e, c), a) .

"R.H.S. = c(c(a, b, c, a), c(a, b, d, a),-c(a, b, e, a), c(a, b, c, a»

= c(a,b,c(c,d,e,c),a).

2.3 It is not right distributive

Proof

We need to prove that
I

8(8(a, b, c), d, e);;of 8(8(a,d, e), 8(b, d, e), 8(c, d, e»
L.H.S. = c(c(a, b, c, a),d, e, c(a, b, c, a»

R.H.S. = c(c(a,d,e,a),c(b,d,e,b),c(c,d,e,c),c(a,d,e,a»

2.4 Not commutative

Proof

We need to prove that

O(a, h, c) ~ O(c, h, a)

L.H.S. = c(a, b, c, a)

R..H.S. = c( c, b, a, c) .
As a special case, when a ~ b ~ c, a = c. L.H.S,. = a andR.H.S. = a. So, it is not

abelian because it is not associative.

Detinition 3

6 is said to be weak associative if

6(6(a, b, c;), b, d)= 6(a, b, 6(a, b, d))
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2.5 The Mal'cevalgebra obtained from C-algebra is weak associative

Propf
9(9(a, b, c), b, d) = c(c(a, b, c, a),b, d, c(a, b, c, a))

9(a, b, 9(c, b, d)) = c(a, b, c(c, b, d, c),a)

We have the following cases to consider:

Case (1). a = b = c

9( 9( aj b, c), b, d) = c( c( a, a, a, a), a, d, c( a, a, a, a)) = c( a, a, d, a) = d

and
6(a, b, 6(c, b, d» = c(a, a, c(a, a, d, a), a)= c(a, a, d,a) = d

Case (2). a = b; b, # c

6( 6( a, b, c), b, d) = c( c( b, b, c, b), a, d, c (b, b, c, b» = c( c, b, d, c)

6( a, b, 6( c, b, d» = c( b, b, c( c, b, d, c), b) = c( c, b; d; c)

Definition 4

6 is called weak right distributive if

6(6(a, b, c,), b; e) = 6(6(a, b, e), e, 6(c, b, e»

2.6 The Mal'cev algebra obtained from C-algebra is not weak right distributive

Proof

We need to show that

8(8(a, b, c), b, e)~ 8(8(a, b, e), e, 6(c, b, e»
L.H.S. = c(c(a,b,c,a),b,e,c(a,b,c,a»

R.H.S. = c(c(a,b,e,a),e,c(c,b,e,c),c(a,b,e,a».Letc~a~b~e,a=e

L.H.S. = c( a, b, e, a) = a

R.H.S. ~ c(a, e, <;, a) = c

III. C-algebra Built on Mal'cev Algebra

We will now build a C-algebra on a Mal'cev algebra by defining

c(a, "b, x, y) = O(y, O(a, b, y), O(a, b,x».

On a given set, we define 00 as follows:

x, Q = b

Q, Q,I6b
60(0, b, x) ~

there is a correspondence between C-algebra and

Theorem 2

When a = b and x; = Yj
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Mal'cevalgebra.
Proof

( i) at a = b

1. c(a,a,x,y)=x
1'. 8(y, 8(a, a, y), 8(a, a, x~) = 8(y, y, x) = x

2. c(a,a,x,x)=x
2'. 8(x,8(a,a,x),8(a,a,x»=x "

3. c( a, a, a, a) = a

3'. 8(a, 8(a, a, a), 8(a, a, a) = a

4. c(a, a, x, y) = c(a, a, x, y), i.e., equal x

4'. 8(y, 8(a, a, y), 8(a, a, x» = 8(y, y, x) = x

5. c(a, a, C(Xi)' C(Yi» = c(c(a, a, Xi' Yi»

5', L.H.S. = 8[c(y;), 8(a, a, C(Yi»' 8(a,a, C(Xi»] = 8[C(Yi)' C(Yi)' C(Xi)]

= C(Xi) = C (Xj , X2 ' X3 , X4) = 8[X4' 8(Xj , X2 ' X4)' 8(Xj , X2 , X3)]

R.H.S. = C[8(Yi' 8(a, a, Yi)' 8(a, a, Xi»] = C[8(Yi' Yi' Xi)] = C(Xi)

= C(Xj,X2' X3,X4)=8[X4,8(Xj,X4,X4),8(XI,X2'X3)]

(ii) at Xi = Yi' we need to prove that

c(a, b, C(Xi)' C(Xi» = c(c(a, b, Xi' Xi»

5'. L.H.S. = 8[c(x), 8(a, b, C(Xi»' 8(a, b, C(Xi»] = C(Xi) = C(XI ' X2' X3' X4)

= 8(X4' 8(xl , X2 , X4)' 8(xl ' X2 ' X3»

R.H.S. = C[8(Xi' 8(a, b, Xi)' 8(a, b, xJ)J, = C(Xi) = c(Xj , X2 ,x3' X4)

= 8[X4,8(XI,X2,X4),8(XI,X2,X3)].

Thus, we prove that there is a 1-1 correspondence between C-algebra and Mal'ce~
algebra at (i) a = band (ii) Xi = Yi.

Lemma 1

If a = b, then any C-algebra built on a Mal'cev algebra satisfies the following prop-
erties:

( i) c( a, b, b, a ) = a

(ii) c(a, b, x, y) = c(a, b, x, c(a, b, x, y))

(iii) c(a, b, x, y) = c(a, b, c(a, b, x, y),y)

Proof
(i) c(a, b, b, a) = 8(a, 8(a, b, a), 8(a, b, b)) = 8(a, a, a) = a

ii) L.H.S. = 8( y, 8( a, b, y), 8( a, b, x )). At a = b, L.H.S. = 8( y, y, x) = x
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R.fI.s. = ]£J[£J[y,£J(a,b,y),£J(a,b,x)],£J[(a,b,£J(y,£J(a,b,y),£J(a,b,x)),

£J(a,b,x)].Ata=b,
R.~ ":. = £J[£J(y, y, x), £J[a, a, £J(y,y, x)], £J(a, a, x)] = £J[x,~, x] = x.

(iii) L.H.S. = £J(y, £J( a, b, y), £J( a, b, x)).

R.H.S. = £J[y, £J(a, b, y), £J(a, b~ £J(y, £J(a, b, y), £J(a, b, x))].

At a = b,

R.H.S. = £J[y, y, O(y, £J(a, a, y), £J(a, a, x))] = £J[y, y, £J(y, y, x)] =

£J[y, y, x] = x

L.H.S. = £J(y, y, x) = x

Lemma 3

The following statements are equivalent:

( i ) £J(s, £J(a, b, s), £J(a, b, x)) = £J(s, £J(a, b, s), £J(a, b, y))

(ii) £J(t, £J(a, b, f), &(a, b, x))=£J(t, £J(a, b, f), £J(a, b, y))
(iii) Y = £J(y, £J(a, b,y),£J(a, b,x)) I

Proof

(i)- (ii): Assume that a = b, then (J(s, (J(a, a, s), (J(a, a, x» = (J(s,(J(a, a, s), (J(a,
a, y». Therefore, (J(s, s, x) = (J(s, s, y) i.e. x = y.Therefore, by substituting in (ii)

L.R.S. = (J(t, (J(a, a, f), (J(a, a, x» = (J(t, t, x) = x

R.H.S. = (J( t, t, y) = y. By using condition (1), then L.R.S. = R.H.S.

(ii) -(iii): Assume then: a = b

R.R.S. = (J(y, (J(a, a, y), (J(a, a, x» = (J(y, y, x) = x

L.R.S. =y
By using (ii), then x = y. (iii) ~ (i) similarly

Lemma 4

Any C-algebra built on Mal'cev algebra satisfies the following:

( i ) There existss EA such that
(J(x, (J(a, b, x), (J(a, b, s» = (J(y, (J(a, b, y), (J(a, b, s»)

(ii) (J(x, (J(a, b, x), (J(a, b., t» = (J(y, (J(a, b, y), (J(a, b, t»

(iii) x = (J(y, (J(a, b, y), (J(a, b,x»

Proof
At a = b

(i) 9(x, x, s) = (J(y,y,s)-=s

(ii) (J(x, x, t) = (J(y., y., t):::: t

(iii) (J(y, y, x) = x
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Definition 5

Given a, b E A define the relations IjJ (a, b) and <I> (a, b) as follow:

x IjJ y iffy = 6(y, 6(a, b, y), 6(a, b, x» and x <I> y iff x = 6(y, 6(a, b, y), 6( a, b, x»
By using Lemma 3 we find that x IjJ y iff x = y. So IjJ is an equivalence relation.

Lemma 5

Let a, b be given, then IjJ = IjJ (a, b) and <I> = <I> (a, b) and 6 congruence relations.

Proof

If Xi I/IYi for i =.1, 2, 3 then Xi == Yi' Therefore, 8(Xi) = 8(Yi)' So 8(Xi)1/I8(Yi)

Notation

A congruence relation t is trivial if it is the discrete congruence (i.e. xty only when
X = y)indiscrete congru:ence (i.e., Xty 'v'x, y).

Definition 6

(A, 8) is called a simple 8-algebra if A has no trivial 8 congruences.

Definition 7

x if a = b
Y if a ~ b

80(y, 8o(a, b, y), 8o(a, b, x» =

Theorem 3

Ifa ~ b. Then (A, 6) is a simple fJ-algebra iff 6 = 60,

Proof I
"-

If 6 =60 and if tis a congruence relation thenV' (x, y) we have

6(y, 6(a, b, y), 6(a, b, x» t60(y,60(a, b,y), 60(a, b, x» t60(y, 60(a, a, y), 60(a, a, x»

60(y, 60( a, p, y), 60( a, b, x» t60(y, 60( a, a, >:), 60( a, a, x)

From definition of 60, so xty. Conversely, if (A, 6) is simple and 6( y, 6( a, b, y),
~(a, b, x» ~ 60( y, 60( a, b,y), 60( a, b, x ». Then let", = '" (a, b). Thus a '" band
'" must be the indiscrete congruence. Therefore, x '" y so y = 6( y, 6( a, b, y), 6( a, b,
x» and at a ~ b, y = 60(y, 60(a, b, y), 60(a, b, x»i.e., there is contradiction. Then,
6 = 60,

IV.. Mal'cev Algebra Structure on BoolenAigebra"

Using a Boolean algebra (A, /\, V, -), we define a Mal'cev algebra structure as
follows[S-7]:

6( x, y, z) = (x V -y) 1\ (z V -y) 1\ (x V z)



90 H; EI.Zohny and F. Moussa

4.1 It is no associative

Proof

We need to prove that

O(a, b, O(c, d, e» ~ O(O(a, b, c), d, e)

Let 0 be false and 1 be true. When a = 1,

L.H.S. = O(1,b,O(c,d,e»=[-bVO(c,d,e)] = -bV[(cV-d)/\(e

V-d)/\(c,Ve)] I
R.H.S. = O[O(1,b, c),d, e] = [O(1,b, c)V-d]/\(eV-d)/\[O(1, b, c)V e]

= [(-bVc)V-d]/\(eV-d)/\[(-bVc)Ve]

= [-bV(cV~d)]/\(eV-d)/\[-bV(cVe)].

When a = 0,

L.H.S. = 9(0, b, 99(c, d, e» = -bI\9(c,d,e)=bl\[(cV-

l\(cVe)]
R.H.S. = 9(9(0,b, c),d,e) = [6(0,b, c)V-d]l\[eV-d]I\[(6(0,b, c)V e]

= [(~bl\c)V-d]l\[eV~d]I\[(-bl\c)Ve]

= [- b 1\ ( c V ~ d)] 1\ [ e V ~ d] 1\ [ ~ b 1\( c V e)]

4.2 It is weak associative

Proof

Fix e in the algebra. Then

~d)l\(eV-d)

(}(x,e,y) = [(x/\y)V~e]/\(xVy).

Therefore, (}«(}(x, e, y), e, z) = (}(x, e (}(y, e, z».

4.3 It is left distributive

Proof

When a = 1, we want to prove that

(J(l, b, (J(x, y, z» = (}«(}(l, b, x), (}(l,b, y), (}(l, b, z»

We note that (J(l, b, c) = ~ b V c. So

L.H.S. = ~bV[(xV-:y)/\(zV-y)/\(xVz)].

R.H.S. = 8[(-bVx),(-bVy),{-bVz)]

= [( -b Vx)V -(- b Vy)]/\[(- b Vz)V -(-:-bV y)]/\[(- b V x)

V (~b V z)]
= [( -b Vx)V(b/\ -y)]/\ [(- bVz) V (b /\ -y)]/\ [(- bVx)

V (- b V z)]
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= [«(- b Vx) V b) 1\ «- bVx) V -y)] 1\ [( -b Vz)

I\b) 1\ «- bVz) V -y)] 1\ [- b V(xVz)]
= [11\«- bV x)V -y)]1\ [11\« -b V z)V -y)] 1\[ -b V(x V z)]

= [(-,.. b Vx) V -y] 1\ [(- bVz)V -y] 1\ [- b V(xVz)]

= -bV[(xV-y)l\(zV-y)l\(xVz)]

When a = 0, 6(0, b, c) = (- b 1\ c). We want to proof that

6(0, b, 6(x, y, z» = 6[6(0, b, x), 6(0, b, y), 6(0, b, z)}:

L.H.S. = 6(0,b,6(x,y,z»=6(x,y,z)l\-b

= [(xV-y)l\(zV-y)l\(xVz)]I\-b.

R.H.S. = 6(xl\-b,yl\-b, zl\-b)

= [(x 1\ -b) V (- y Vb)] 1\ [(z 1\ -b) V (- y Vb)] 1\ [(x 1\ -b)

V(zl\-b)]
= f(xV(-vVb))I\(. \: -\/,.. ",.c.~""~\"',

.' ,~" ,-bv'(-yvb»]/\l(zv'('-yvb»

/\ (- b V( -y Vb»] /\ [(x V z) /\ -b]

= [(x V(- yV b» /\ 1] /\ [(zV(- y V b» /\ 1] /\ [(x V z) /\ -b]

= [xV(-yVb)]/\[(zV(-yVb)]/\[(xVz)/\-b]

= [[(x V -y) /\ (z V -y)] Vb] /\ [( x V z) /\ -b]

Since b /\ (xV z)/\ -b = 0, so

R.H.S. = [(xV-y)/\(zV-y)/\(xVz)]/\-b

4.4 It is right distrihutive

Proof

We have e(x, y, 1) = xV -yo

We want to prove that e(e(x, y, z), d, e) = e(e(x, d, e), e(y, d, e)~ e(z, d, e»

Let e = 1, then

L.R.S. = 8(O(x,y,z),d,1)=8(x,y,z)V-d

= [(xV -y) /\ (zV -y) /\(xVz)] V-d.

R.H.S. = 8[8(x, d, 1), 8(y, d, 1), 8(z, d, 1)]

= 8[(xV-d),(yV-d),(zV-d)].
= [(xV -d) V{ -y/\ d)] /\ [( zV -d) V (-y/\d)] /\ [(xVz) V -d

= [( x V -d) V -y] /\ [( x V -d) V d] /\ [( zV -d)
V --'- y] /\ [(zV -d) V d] /\ [(x V z) V -d]

= [(xV -y) V -d] /\ [(zV -y) V -d}/\ [(xVz) V -d]
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= [(xV-y)A(zV-y)A(xVz)]V-d

Thenz= O. So e(x, y, 0) =xA-y.

L.H.S. = e[e(x,y, z)d, 0]

= e(x,y, z)A-d= [(xV'"-y)A(zV-y)A(x.Vz)]A-d.

R.H.S. = e[e(x, d, 0), e(y, d, 0), e(z, d, 0)]

= e[ x A -d, Y A ~ d, z A -d]

= [(xA-d)V-(yA-d)]A[(zA-d)]V-(yA-d)]

A[(zA -d)V (xA -d)]

= [(xA.,... d) V (-yVd)] A[(zA -d)]V (-yVd)] A [(zA -d)

V (xA- d)]

= [(xV -y) V dJA [- dV(- yV d)] A [(zV -y) V d)

A (- dV -y) V d] A [(zVx) A -d]

= [(xV -y) V d] A [(zV -y) V d)] A [(zVx) A- d].

= [[(xV -y) A (zV -y)] V d] A [(zVx) A -d].

Using distributive law:
R.H.S. = [(xV -y) /\ (zV -y) /\ (zVx) /\ -d] /\ [d/\ (zVx) /\ -d]

= [(xV-y)/\(zV-y)/\(zVx)/\-d].

4.5 It is middle distributive

Proof
To prove 6( a, 6( b, c, d), e) = 6( 6( a, d, e), 6( a, c, e), 6(a, b, e», where e = 1, O.

( i ) Let e = 1. Then

L.H.S. = 6(a,6(b, c, d), 1) = aV -6(b,c, d) = aV -[(b V-c)/\(dV -c)

/\ (b V d)]

= aV[(-b/\c)V(-d/\c)V(-b/\-d)].

R.H.S. = 6( a V -d, a V -c, a V -b)
:;: [(aV -d) V (-a/\c)] /\ [(aV -b) V (- a/\c)] /\[(aV -b)

V(aV-d)]
= [(a V -d) V -a] /\ [aV -d) V c] /\ [(a V -b) V -a]

/\[(aV -b)Vc]/\ [(aV (- bV -d)]

= [(aV -d)V c] /\ [(aV -b)V c] /\ [aV (-bV -d)]

= [aV (- dVc)] /\ [aV (~bV c)] /\ [aV (- bV -d)],

= aV[(-dVc)/\(-bVc)/\(-bV-d)],
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since

aV [(-b/\c)V (- d/\c)V (- b/\ -d)] = aV [(- bVc) /\ (- dVc)/\(-
bV -d)].

(ii) Lete = 0. Then .

R.H.S. = 9(a, 9(b,c~d),0)=a/\-9(b,c,d)

= a /\ [(-b/\ c) V (- d/\ c)V (- b/\ -d)]

L.H.S. = 9(9(a,d,0),9(a,c,0),9(a,b,0»

= 9[(a/\-d),(a/\-c),(a/\ ,b)].

By similar calculations as in the case e = 1 we find

L.H.S. = a/\[(-bVc)/\(-dVc)V(-bV-d)].

V. Mal'cev Algebras Based on Heyting Algebras

We define a Mal'cev algebra structure on a Heyting[s.9] algebra as follows:
8(x, y, z) = «x~ y) ~ z) 1\ «z~ y) ~ x).

Example 1

The Heyting algebra of three elements [0, a, 1],

a ~O = a,

a = largest element x such that x /\ 0 = 0,

5.1. It is commutative since O( a, b, c) = 0 (c, b, a)

5.2. It is not associative

Proof

We need to prove that

O(O(a, b, c), d, e) ¥ O(a, b, O(c, d, e»

Let a = c = d = 0, b = e. Then

L.H.S. = 0(0«0, e, 0),0, a) = 0(0,0, e) = e.

R..H.S. = O( 0, e, O( 0, 0, e» = O( 0, e, e) = O.

5.3. It is not left distributive

Proof

We need to prove that

O(a, b, O(c, d, e» ¥ O(O(a, b, c), O(a, b, d), O(a, b, e»

Let c = e = a, b = 1, d = 0. Then

L.H.S. = 8(a,1,8(a,0,a))=8(a,1,1)=a.
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R.H.S. = O(O(a, 1, a), O(a, 1,0), O(a, 1, a» = O(a, 0, a) = 1.

5.4. It is not right distributive

Proof

We need to prove that

O(O(a, b, c), d, e) ¥ O(O(a, d, e), O(b, d, e), O(c, d, e»

Let a = e = c, b = 0, d = 1. Then

L.H.S. = O(O(a, 0, a), 1, a) = 0(1,1, a) = a

R.H.S. = O(O(a, 1, a), 0(0, 1,a), O(a, 1, a» = O(a, 0, a) = 1.

Remark

We note that any Mal'cev algebra built on a Heyting algebra is commutative, i.e

lJ(x, y, z) = lJ(z, y, x).

Proof
e(x, y, z) = '«x~y)~z)I\«z~y)~x).

e(z,y,x) = «z~y)~x)I\«x~y)~z).

Which are equal since /\ is commutative.

Example 2

Consider the Boolean algebra for the interval [0,1]:

(x /\ y) = min (x, y),

(x V y) = max (x, y) ,

-x = 0 if x ¥O,
-x = 1 if x = O.

So Heyting algebra on the interval [0, 1 ]is given by:

-1 if x = 0

yify:5X

x-y=

Example 3

Consider the Hyting algebra on [0, 1] that is given by :

x-I = 1,0-x= l,x--'+x= landifx~ythenx y= 1.

So it is not Boolean.
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