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We prove a random coincidence point theorem for a pair of commuting random
operators which extends results due to T. D. Benavides et al. (1996, Proc. Amer.
Math. Soc. 124, 831-838), S. Itoh (1979, J. Math. Anal. Appl. 67, 261-273), K. K.
Tan and X. Z. Yuan (1997, Stochastic Anal. Appl. 15, 103-123), and H. K. Xu
(1990, Proc. Amer. Math. Soc. 110, 495-500). We also derive a common random
point theorem.  © 2000 Academic Press
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1. INTRODUCTION

Random coincidence point theorems are stochastic generalizations of
classical coincidence point theorems. The study of random fixed point
theorems was initiated by the Prague school of probabilists in the 1950s.
But the interest in these problems was enhanced after the publication of
the wonderful survey article of Bharucha-Reid [4]. In 1979, Ttoh [5] proved
several random fixed point theorems for condensing and nonexpansive
random operators. Afterwards, various stochastic analogues of the classical
Schauder fixed point theorem have been given by Sehgal and Singh [10],
Papageorgiou [9], Lin [7], and Xu [16]. Related (but different) problems
have been studied by Benavides et al. [3], Shahzad and Khan [11, 12],
Shahzad and Latif [13], Shahzad [14], and Tan and Yuan [15]. Recently Beg
and Shahzad [1, 2] studied the structure of common random fixed points
and random coincidence points of a pair of compatible random operators,
which are generalizations of commuting random operators. The aim of this
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paper is to prove a random coincidence point theorem for a pair of
commuting random operators which extends the work of Benavides et al.
[3], Itoh [5], Tan and Yuan [15], and Xu [16]. A common random fixed
point theorem is also obtained.

2. PRELIMINARIES

Let X be a complete metric space and ({2, %) a measurable space. Let
CB(X) be the family of all nonempty bounded closed subsets of X and let
K(X) denote the family of all nonempty compact subsets of X. A mapping
T: O — CB(X) is called measurable if for any open subset C of X,

T7'(C)={weQ:T(w)NC +# ¢} €3.

A mapping ¢: ) — X is said to be a measurable selector of a measurable
mapping 7: Q - CB(X) if £ is measurable and for any w € Q, &é(w) €
T(w). A mapping T: Q X X —» CB(X) (resp. f: O X X = X) is called a
random operator if for any x € X, T(-, x) (resp. f(-, x)) is measurable. A
measurable mapping ¢: () — X is called a random fixed point of a random
operator T: QO X X —» CB(X) (resp. f: Q X X — X) if for every w € Q,
&(w) € T(w, £(w)) (resp. f(w, £(w)) = é(w)). A measurable mapping ¢:
Q) — X is a random coincidence point of random operators 7: () X X —
CB(X) and f: O X X = X if for every w € Q, f(w, é(w)) € T(w, é(w)).

A Banach space X satisfies Opial’s condition [8] if for every sequence
{x,} in X weakly convergent to x € X, the inequality

liminf|lx, — x|l < liminf||x, — yll

n—® n— ©

holds for all y # x. Every Hilbert space and the spaces [/, (1 <p < =)
satisfy Opial’s condition. A subset M of X is said to be star-shaped with
respect to g € M if {(1 —)x +1q:0 <t <1} € M for each x € M. The
star-shaped subsets include the convex subsets as a proper subclass. A
multivalued map T: X — CB(X) is said to be demiclosed if for every
sequence {x,} in X and y, € T(x,), n = 1,2,..., such that {x,} converges
weakly to x and {y,} converges strongly to y, we have x € X and
y € T(x). A mapping f: X — X is called weakly continuous if {x,}
converges weakly to x implies {f(x,)} converges weakly to f(x). Also, a
mapping f on a convex set M is called affine if f(&x + (1 — )y) = #(x) +
(I —0)f(y) for all x,y € M and 0 <t < 1. A random operator f: Q X X
— X is called continuous (weakly continuous, etc.) if for every o € Q,
f(w,.) is continuous (weakly continuous, etc.). Similarly, a random opera-
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tor T: O X X —» CB(X) is called continuous if for any w € Q, T(w,.) is
continuous.

3. MAIN RESULTS

In what follows we shall need the following simple version of Theorem
5.1 of Beg and Shahzad [1] (see also [2]).

THEOREM 3.1. Let (X,d) be a separable complete metric space, T:
O X X - CB(X) a multivalued random operator, and f: Q XX - X a
continuous random operator such that T(w, X) C f(w, X) for each w € Q.
If f and T commute and for all x,y € X and all o € Q, we have

H(T(w,x),T(w,y)) <kd(f(@,x),f(o,y))

where k € (0,1) and H is the Hausdorff metric on CB(X) induced by the
metric d, then T and f have a random coincidence point.

THEOREM 3.2. Let M be a separable weakly compact subset of a Banach
space which is star-shaped with respectto g € M, and let f- O X M — M be a
continuous affine random operator such that f(w, M) = M and f(w, q) = g
foreach w € Q. Let T: O X M — K(M) be a multivalued random operator
which commutes with f and for all x, y € M and all w € Q, we have

H(T(w,x),T(w,y)) <lf(w,x) = f(o,y)l.

If one of the following conditions hold: either (a) (f — T X w,.) is demiclosed
at zero for each w € Q or (b) fis weakly continuous and X satisfies Opial’s
condition, then T and f have a random coincidence point.

Proof. Choose a sequence {k,} of real numbers with 0 < k, < 1 and
k, = 0 as n — . For each n, consider the random operator 7,: X M
— K(M) defined by

T(w,x)=k,g+ (1 —k,)T(w,x).
Then,
H(T,(@,%),T,(0,y)) = (1 = k,)H(T(w,x),T(w,y))
< (1 =k)lIf(w, x) = f(, )l

for each x,y € M and each w € Q. Since T(w, M) Cc M = f(w, M), we
have

T(o,M) Cf(w,M)
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for each w € Q. Further, each 7, commutes with f, since for any x € M
and w € (), we have

T(w,f(w,x)) =k,q+ (1 -k)T(0,f(w,x))
=k, f(w.q) + (1 = k,)f(o,T(w,x))
= f(o,{k,q + (1 = k,)T(w,x)})
=f(o,T,(o,x)).
Since the weak topology is Hausdorff and M is weakly compact, it follows

that M is strongly closed and is a complete metric space. Thus, by
Theorem 3.1, there is a measurable map ¢,: 0 — M such that

fw, é(w)) € T,(@, £,(w))
for each w € Q. For each n, define F,: O - WK(M) by
F(w)=w—-cl{é(w):i>n},

where WK(M) is the family of all nonempty weakly compact subsets of M
and w — cl denotes the weak closure. Define F: Q - WK(M) by F(w) =
N> _, F(w). Because M is weakly compact and separable, the weakly
topology on M is a metric topology. Then as in Itoh [5, proof of Theorem
2.5] F is w-measurable and has a measurable selector £&. This £ is the
desired random coincidence point of f and 7. Indeed, fix w € () arbitrar-
ily. Then some subsequence {£,(w)} of {£,(w)} converges weakly to &é(w).
Also there is some u,, € T(w, £,(w)) such that

fl@, & (@) = up = ky{q = uy}.

Since M is bounded and k,, — 0, it follows that f(w, {,(®)) —u,, — 0.
Now y,, = flw, §,(w) —u, € (f — TXw, §,(w)) and y, — 0.If (a) holds
then it follows that f(w, £é(w)) € T(w, é(w)). If (b) holds, then, by Lemma
3.1 of Latif and Tweddle [6] (f — TX w,.) is demiclosed, and therefore, f
and T have a random coincidence point £.

Remark 3.1. Theorem 3.2 extends [3, Corollaries 3.1 and 3.2, 5, Theo-
rem 3.4, 15, Theorem 3.4, 16, Theorem 1(ii)].

THEOREM 3.3.  Suppose that M, f, T, and q satisfy all the hypotheses of
Theorem 3.2. If for each » € ()

flw,x) € T(w,x) implies the existence of lim, f"( w, x),

then T and f have a common random fixed point.
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Proof. By Theorem 3.2, there is a measurable map &,: & — M such
that

f(, &(w)) € T(0, &(w))

for each w € ). Now

(@, (@) =f"" Yo, f(0,&(0))) € (0, T(o, &(w)))
= T(‘”sf"il(wafo(“’)))

for each w € (). Letting n — «, we obtain

{(w) €T(w,{(w)),

where £(w) = lim, f"(w, £(w)) (the mapping & is the pointwise limit of
measurable mappings f"(., &,(.)), hence measurable). Clearly ¢(w) =
f(w, é(w)) for each w € Q. Hence, for any w € Q, £é(w) = f(w, é(w)) €
T(w, {(w)).

REFERENCES

1. I. Beg and N. Shahzad, Random fixed point theorems for nonexpansive and contractive-
type random operators on Banach spaces, J. Appl. Math. Stochastic Anal. 7 (1994),
569-580.

2. 1. Beg and N. Shahzad, Random fixed points of random multivalued operators on polish
spaces, Nonlinear Anal. 20 (1993), 835-847.

3. T. D. Benavides, G. L. Acedo, and H. K. Xu, Random fixed points of set-valued
operators, Proc. Amer. Math. Soc. 124 (1996), 831-838.

4. A. T. Bharucha-Reid, Fixed point theorems in probabilistic analysis, Bull. Amer. Math.
Soc. 82 (1976), 641-645.

5. S. Itoh, Random fixed point theorems with an applications to random differential
equations in Banach spaces, J. Math. Anal. Appl. 67 (1979), 261-273.

6. A. Latif and 1. Tweddle, Some results on coincidence points, Bull. Austral. Math. Soc. 59
(1999), 111-117.

7. T. C. Lin, Random approximations and random fixed point theorems for non-self maps,
Proc. Amer. Math. Soc. 103 (1988), 1129-1135.

8. Z. Opial, Weak convergence of the sequence of successive approximations for nonexpan-
sive mappings, Bull. Amer. Math. Soc. 73 (1967), 591-597.

9. N. S. Papageorgiou, Random fixed point theorems for measurable multifunctions in
Banach spaces, Proc. Amer. Math. Soc. 97 (1986), 507-514.

10. V. M. Sehgal and S. P. Singh, On random approximations and random fixed point
theorem for set-valued mappings, Proc. Amer. Math. Soc. 95 (1985), 91-94.

11. N. Shahzad and L. A. Khan, Some random fixed point theorems in Frechet spaces, New
Zealand J. Math. 28 (1999), 107-110.

12. N. Shahzad and L. A. Khan, Random fixed points of 1-set-contractive random maps in
Frechet spaces, J. Math. Anal. Appl. 231 (1999), 68-75.



638 NOTE

13. N. Shahzad and S. Latif, Random fixed points for several classes of 1-ball-contractive and
1-set-contractive random maps, J. Math. Anal. Appl. 237 (1999), 83-92.

14. N. Shahzad, Random fixed point theorems for various classes of 1-set-contractive maps in
Banach spaces, J. Math. Anal. Appl. 203 (1996), 712-718.

15. K. K. Tan and X. Z. Yuan, Random fixed point theorems and approximation, Stochastic
Anal. Appl. 15 (1997), 103-123.

16. H. K. Xu, Some random fixed point theorems for condensing and nonexpansive opera-
tors, Proc. Amer. Math. Soc. 110 (1990), 495-500.



	1. INTRODUCTION
	2. PRELIMINARIES
	3. MAIN RESULTS
	REFERENCES

